Associated with every projection : P ! (P) of a polytope P one has a partially ordered set of all \locally coherent strings": the families of proper faces of P that project to valid subdivisions of (P), partially ordered by the natural inclusion relation.
Introduction
In this paper we study the poset !(P; ) of all \locally coherent strings" (de ned below) associated with a projection of a convex polytope. In particular, we prove a new special case of the Generalized Baues Conjecture about the homotopy type of this poset, and disprove the Conjecture by explicit counterexamples in the general case.
The investigation of the posets !(P; ) is motivated by problems that are concerned with the global (topological) structure of a restricted set of subdivisions of a xed compact space. Such problems appear in very di erent frameworks, among them model theory of loop spaces (see Adams 1] and Baues 2] ), spaces of triangulations of manifolds (see Nabutovsky 14] for recent work), triangulations of point con gurations and local transformations (see Edelsbrunner & Shah 9] and Joe 10, 11] ), extension spaces of oriented matroids (see Sturmfels & Ziegler 16] ), and nite models of the nite-dimensional Grassmannians (see MacPherson 12] and Mn ev & Ziegler 13] ). The Generalized Baues Conjecture, whose precise setting we now introduce, directly applies to several of the situations we have just listed, and provides a prototypical model for the others. If maps more than one vertex of P to a single point in (P) we call degenerate, while is weakly non-degenerate otherwise. If each a ne dependence between projections of vertices (v 1 ); (v 2 ); : : :; (v k ) is induced by an a ne dependence between the vertices v 1 ; : : :; v k in P, then we call (strongly) non-degenerate. The main objects of study in this paper are the following.
De nition 1.1 A locally -coherent string | or a locally coherent string for short | is a collection F of nontrivial faces of P (that is, faces di erent from P and from ;), such that f (F) j F 2 F g is a polytopal subdivision of (P) without repetitions, that is, the sets (F) are distinct polytopes which form a polytopal complex with union (P), and (F) (F 0 ) implies F = F 0 \ ?1 ( (F)), for F; F 0 2 F.
The nite set of all locally -coherent strings is partially ordered by F F 0 : () F F 0 :
The resulting partially ordered set (poset) of locally -coherent strings is denoted by !(P; ). A string F 2 !(P; ) is called tight if dim( (F)) = dim(F) for all F 2 F, globally -coherent | or coherent for short | if there exists a 2 ( R d ) nf0g
such that can be factorized into : P ( ; ) ?! f ( (x) ; (x)) j x 2 P g pr 1 ?! (P);
such that ( ; )(F) is locally pr 1 -coherent. The subposet of all coherent strings is denoted by ! coh (P; ) !(P; ). 2
De nition 1.1 is equivalent to the de nition of the set of all -induced subdivisions of (P), denoted \S(P; (P))," in the paper of Billera, Kapranov & Sturmfels 4] . Since in general there may be many di erent locally -coherent strings that determine the same polytopal subdivision of (P), we emphasize by our notation that one is dealing with objects in P rather than with subdivisions of (P). Even stronger, ! coh (P; ) is a retract of !(P; ): the inclusion map ! coh (P; ) , ! ! (P; ) is a homotopy equivalence.
Even for projections of reasonably small and simple polytopes, the poset of all locally coherent strings can be large and complicated. Up to now the main positive result, motivating the Generalized Baues Conjecture, was the following theorem, which settled the original conjecture by Baues 2 After preliminary work on the structure of locally coherent strings (including a characterization theorem in terms of functions on the chamber complex of the projection) in Section 2, we will prove Theorem 1.4 in Section 3. In Section 4 we present a construction method for polytope projections that have isolated elements in their posets of all locally coherent strings, thus proving Theorem 1.5. In order to provide more geometric/combinatorial intuition for \what goes wrong here," we present explicit coordinates for two counterexamples in Section 5, together with simple, independent proofs that these polytope projections violate the Generalized Baues Conjecture. These proofs depend on \hands-on" knowledge of the face lattices of the polytopes, as can be obtained from Fourier-Motzkin elimination (or any similar convex hull algorithm).
The rst example is one special instance of the construction method of Sec- 2 Functions on the chamber complex In this section we point out two crucial facts. The rst one describes a basic property of the chamber complex of a polytope projection, the second one is a \local coherence condition" in terms of the normal fans of the bers of the projection.
Given any linear or a ne function on a space that contains the polytope P, we use P to denote the set of all points in P on which is maximal. This set P is a face of P, and all nonempty faces of P have this form ( = 0 corresponds to P itself). We use L(P) to denote the face lattice of P: the set of all faces of P R d , partially ordered by inclusion. This includes the trivial faces ; and P.
For a polytope projection : P ! (P) =: Q as above, the chamber complex ?
is the set of intersections of all images of faces of P that contain a given point in Q, that is, 0 ) of all linear functions that are maximal on the face P q of P q . This set ] is the normal cone of the face P q . If q 0 is another point that lies in the relative interior of the same chamber of the chamber complex as p, then the normal cones of the face P q of P q and P q 0 of P q 0 coincide (That is, the bers P q and P q 0 are normally equivalent, see e. g. Billera & Sturmfels 5] .) Thus we can use the notation ] for the normal cone of the face that de nes in the ber, called the normal cone over induced by . Moreover, let N( ) denote the fan consisting of all normal cones over , the normal fan over (that is, the normal fan of the ber over a point in the relative interior of ). For each face P q of a ber P q there is a unique minimal face of P that contains P q (the intersection of all faces that contain P q ). We use F q; to denote this face of P corresponding to the face P q of P q . For its normal cone in ( R d ) we use the notation C P (F q; ). As a corollary of (iii) we get that if is xed, then the face F q; does not change if q moves in the relative interior of the chamber (q). Hence with each chamber and each functional we can associate a well-de ned face of P, via F ; := F q; ; q 2 relint( ):
The following \normal fan relation" of the chamber was used in the special case d 0 = 1 by Billera, Kapranov & Sturmfels 4] 
Hence, the normal fan over is a re nement of the normal fan over :
Proof: Let = i q ( ) be a linear functional on ( R d ) in ] with q 2 relint( ) and some in the normal cone C P (F ; ) of F ; in P by Lemma 2.1(v). Then = i q ( ) 2 i q (C P (F ; )): But this is contained in i q 0 (C P (F ; )) for each q 0 2 (Lemma 2.1(iv)), especially for q 0 
Validity in low codimension
In this section we prove Theorem 1.4, by presenting an explicit retraction of the following models of the order complexes of !(P; ) and ! coh (P; ), namely The crucial observation is that in codimension 2 this local coherence property reduces to a distance property for function values in the universal cover of S 1 : if we replace two locally coherent function values by values in the closed interval they span, then they stay locally coherent. In higher codimension this fails in general.
Proof: (of Theorem 1.4 in seven steps)
Step 1: From now on we write q for the barycenter of the chamber 2 ?. Step 2: For the rest of the proof let 0 be a xed chamber of Step 3: Let p :
( R ! f z 2 C j jjzjj = 1 g t 7 ! exp(2 it) be the universal covering of f z 2 C j jjzjj = 1 g and let p : Step 4: We will now lift the \distance" between the considered function values to R in order to get maximum and minimum values.
De nition 3.1 We de ne the twist of to be the following function: twist :
where w : 0; 1] ! Q is a path from q 0 to q . 2 In other words: coordinatize S 1 properly, take a path from the barycenter of 0 to the barycenter of , consider the corresponding path induced by the piecewise linear extension b of , and take the endpoint of its lifting to R. This is well-de ned by step 3 because all paths in Q are homotopic. From the de nition we get that twist ( 0 ) = 0. Figure 4 shows the twist of the chamber .
A locally coherent string is globally coherent if and only if it can be described by a function with twist (?) = f0g. In addition we have p 0 twist = , which makes it possible to recover the function from its twist or to de ne a new function 0 by simply changing the twist of (with twist of 0 unchanged) and projecting it via p 0 .
Step 5: The following lemma shows that local coherence in this special case is preserved under \pushing together" lifted function values | this is the crucial point that cannot be generalized to higher codimension. The proof is just checking de nitions by using suitable paths for computing twists. If a twist is extremal, then there is only one direction in R with other twist values. That means we can \retwist" all chambers that yield this extremal value until their twist meets the next occuring di erent twist. So at the next step we will introduce a \twist cuto " homotopy.
Step 
How to construct a counterexample
In this section we introduce the main idea for the construction of a counterexample in dimension dim(Q) = 2 and codimension dim(P) ? dim(Q) = 3. We start with a con guration of three two-dimensional chambers 1 ; 2 ; 3 that form a subdivision ? of Q (see Figure 5(a) ). The corresponding edges in the boundary of Q are 1 , 2 , and 3 . We denote i \ j by ij , and thus the inner vertex 1 \ 2 \ 3 by 123 . Analogously, we set i \ j =: ij . We want to construct functions : ? ! S 2 that satisfy the \local coherence condition" (Proposition 2.6) with respect to the ber structure of some polytope projection. First we assign to each i a xed value i in S 2 such that the cone spanned by the i in ( R 3 ) is full-dimensional. Since ought to be locally coherent this leads to several restrictions on the possible structures of the normal fans over the chambers. There is a consistent choice for 12 only if 1 and 2 lie in the same open cone of the normal fan over relint ( 12 ) . In general, this open cone (which describes the correct selections for 12 ) does not contain 3 . These cones are the crucial ones because for local coherence at the inner vertex 123 , we just have to choose a vector in the open cone of the normal fan over 123 that contains the rest of the con guration, which is always possible (see Lemma 2.2). The generic topological picture of the situation in the sphere S 2 is as in Figure 5 (b), which is a superposition of cones from the normal fans over ij and 123 .
If the vectors i are in general position with respect to some ber structure, then the locally -coherent string F 0 they determine in a polytope projection that induces this ber structure is tight. In the following we describe what \has to go wrong" to get a ber structure in which this tight string is not dominated by a non-tight one F > F 0 . (In this case the tight string is stuck). To get from F 0 to F, we have to move at least one of the vectors i to more special position, that is, to to the boundary of the normal cone it lies in. One can now see that for every movement of a function value of a maximal chamber | say 1 | to a face of the normal cone associated with an edge, say 12 , requires a movement of the other normal vector | here 2 | contained in that cone to the same face in order to stay locally coherent. The idea is now to produce a con guration of normal cones of the bers such that for each cone corresponding to the starting values of the function no face is reachable by both the function values of the maximal chambers in a way such that the intermediate functions stay locally coherent.
Consider the \basket ball" with three segments in Figure 6 (a): the normal fan of a triangle in R 3 . We take three perturbed copies of this con guration such that the superposition locally looks as in Figure 6(b) . The function values chosen as in the picture are pairwise locally coherent because 1 and 2 lie in the same cone 1 ] 12 over 12 , and so on. There is no possibility to push the function values to more special position without violating the pairwise cone condition.
Try, for example, to move 1 to a face of 1 ] 12 before you reach a face of 1 ] 13 , as drawn in the picture. Then 2 has to move to the same face | but then it has to pass over a face of 2 ] 23 in the meantime, so 3 has to pass over that same face. But then 1 should have passed a face of 1 ] 13 before having reached any face of 1 ] 12 : a contradiction. In the same manner Complete this function on the boundary of Q (Proposition 2.8). This yields a tight locally coherent string that is not dominated by a coarser one, i. e., an isolated element in !(P; ) (see above).
2 In Section 5 we will present a version of P deg with explicit coordinates in R 5 . Moreover, we will slightly perturb the vertices of P deg to get a simplicial, nondegenerate counterexample P. For each of them we will provide another, simple way to see that it violates the Generalized Baues Conjecture.
An explicit counterexample
Throughout this section we use homogeneous coordinates in order to get a nice threefold rotational symmetry for Q deg and Q without square roots. We use projections that delete the rst three coordinates. The following list contains as rows the (homogeneous) coordinates for ten points in R 5 in convex position. The rst nine rows correspond to the three triangles of the abstract construction in Section 4, the tenth one represents the additional vertex. The chamber complex of the projection to the last three coordinates is as in Figure 5 (a). The normal fans of the three triangles in R 3 form the basket ball obstruction. The additional vertex yields the midpoint of the chamber complex and bounds the obstruction over the edges of the chamber complex. Figure 8 is an attempt to visualize the construction.
The above listing is in correct input format for the PORTA program by Christof 8] . This program easily produces a complete list of all 36 facets of P, and the vertex-facet incidence matrix in Figure 10 .
The following tight locally coherent string | where the faces F Because of the rotational symmetryit su ces to test the vertices in lk(1; 4; 10). For example adding vertex 2 to the face (1; 4; 10) requires adding vertex 2 to the face (7; 1; 10) because (7; 1; 10) contains (2) | but vertex 2 is not contained in the link of (7; 1; 10). Analogous contradictions occur in all other cases. This proves that F deg 0 is in fact an isolated element in !(P deg ; ). This example corresponds exactly to the construction at the end of Section 4.
2
The coordinates of P deg can be slightly perturbed in order to make the projection non-degenerate. We claim that the following listing contains the coordinates of a simplicial, non-degenerate counterexample P. All the vertices of P project to pairwise di erent points in the plane. We again inspect the vertex-facet incidence matrix, see Figure 12 . Each facet has exactly ve vertices, so P is a simplicial polytope. Consider the chamber complex of the projection in Figure 11 | an exact computer-generated drawing which also shows that P is 2-neighborly. The projections of the three faces (1; 4; 10), (4; 7; 10), and (7; 1; 10) do not cover Q. However, for chambers that are not covered we nd, for example, the following tight completion: F 0 := f(1; 4; 10); (1; 2; 4); (2; 3; 4); (3; 4; 5); (4; 7; 10); (4; 5; 7); (5; 6; 7); (6; 7; 8); (7; 1; 10); (7; 8; 9); (8; 9; 1); (9; 1; 2)g: This is not an isolated element in !(P; ), because there are local changes possible on the new faces. For example, the faces (1; 2; 4) and (2; 3; 4) are dominated by (1; 2; 3; 4), etc. However, a local change of (1; 4; 7), (4; 7; 10), or (7; 1; 10), is not possible. To see this, we rst check that no facet of P contains more than one of these three faces. Consider again Figure 11 . If, without loss of generality, we take any face F in P that contains (1; 4; 10) we observe that some new edge of F projects into the interior of (4; 7; 10) or (7; 1; 10). (The link of (1; 4; 7) is again (2 ? 9 ? 8 ? 6 ? 2), etc.) For example, if we replace (1; 4; 10) by (1; 2; 4; 10) | a simplex | the projection of the new edge (2; 10) cuts through the interior of (7; 1; 10). But then we have produced overlapping projections, a contradiction to the fact that every locally coherent string de nes a polyhedral subdivision after projection.
We see that any locally coherent string in the connected component of F 0 must contain the three faces (1; 4; 10), (4; 7; 10), and (7; 1; 10). But obviously there is the following locally coherent string where the face (1; 4; 7) replaces the three \rigid" faces: 
